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We analyze the evolution of the local simulation times(LST) in parallel discrete event simulations. The new
ingredients introduced are(i) we associate the LST with the nodes and not with the processing elements, and
(ii ) we propose to minimize the exchange of information between different processing elements by freezing the
LST on the boundaries between processing elements for some time of processing and then releasing them by
a wide-stream memory exchange between processing elements. The highlights of our approach are(i) it keeps
the highest level of processor time utilization during the algorithm evolution,(ii ) it takes a reasonable time for
the memory exchange, excluding the time consuming and complicated process of message exchange between
processors, and(iii ) the communication between processors is decoupled from the calculations performed on a
processor. The effectiveness of our algorithm grows with the number of nodes(or threads). This algorithm
should be applicable for any parallel simulation with short-range interactions, including parallel or grid simu-
lations of partial differential equations.
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I. INTRODUCTION

Parallel and grid computations for the simulation of the
spatially decomposable models with short-range interactions
are arguably the most important topic in traditional applied
computer science today. This is because of their application
to the simulations of many models in science, engineering,
social science, manufacturing, and economics. We will first
concentrate our discussion on parallel discrete event simula-
tions (PDES), and will show the relationship to all short-
ranged grid or parallel simulations in the last sections.

PDES are the execution of a single discrete event simula-
tion program on a parallel computer or on a cluster of com-
puters[1]. It is a challenging area of parallel computing and
has numerous applications in physics, computer science, eco-
nomics, and engineering. The number of applications are
constantly growing in areas where extensive dynamical pro-
cesses need to be simulated, especially those requiring a
huge memory or wall-clock execution time. For such parallel
simulations the system to be simulated is broken spatially
into disjoint subsystems, and each processing element(PE)
performs simulations on a particular subsystem. The simu-
lated system jumps discontinuously from one state to an-
other, these jumps are called anevent. Thus the changes of
state occur at discrete points in simulated time, although the
time is considered to be continuous. The main challenge is to
efficiently process with discrete eventswithout changing the
order in which the events are processed, i.e., preserving the
causality in the simulation. One technique to help preserve
causality is to introduce the idea of a local virtual time[2] on
a node or PE, which leads to a surface of local simulated
times (LSTs).

For example, consider a kinetic Monte Carlo simulation
for a two-dimensionalL3L ferromagnetic Ising model on a
square lattice. The discrete events are spin flips. If the pro-
gram is to be simulated usingNPE processors, each processor
may be allocated an equal spatially disjoint sublattice of
spins. The average interval between two flips of the same
spin varies for Metropolis-like algorithms from about 3.3
Monte Carlo steps per spin(MCS) at the critical pointTc
<2.269 to 142.9 MCS at the low temperature ofT=0.5 [3].
(Here, the nearest-neighbor exchange in the square-lattice
Ising model has been set to unity.) Implementations of such
PDES for kinetic Ising models have been performed using
both conservative[4] and optimistic[3] methods of preserv-
ing causality in the simulations. In the conservative imple-
mentation, a PE waits until causality is not violated before it
proceeds with its calculations. In the optimistic implementa-
tion, if causality may be violated, the calculation proceeds
using some guess, and if this guess is incorrect the PE must
roll back to an earlier state before any causality violations
were present.

In this paper, we investigate the dynamics of a number of
PDES schemes. These parallel schemes are applicable to a
wide range of stochastic cellular automata with local dynam-
ics, where the discrete events are Poisson arrivals. We are
interested in the evolution of the time horizon formed with
the LST of the nodes. In contrast with the previous work
[5–9], where each PE manages only one node and commu-
nication between PEs is implemented according to the con-
servative scheme[1], we generalize the scheme so each PE
processes a number of nodes that communicate conserva-
tively, whereas nodes from different PEs communicate ac-
cording to either the conservative or optimistic scenario. The
simulated time horizon is analogous to a growing surface.
The local time increments of the node correspond to the
deposition of some amounts of “material” at the given ele-
ment of the surface and the efficiency(which is the fraction
of nonidling PEs) of the conservative scheme exactly corre-
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sponds to the density of local minima in the surface model. It
was shown in[5], that the density of the local minima does
not vanish when the number of PEs goes to infinity. This
remarkable result insures that the simulated time horizon
propagates with a nonzero velocity and that the compute
phase of the algorithm is asymptotically scalable.

The width of the time horizon in conservative PDES, after
an early-time regime and before saturation, diverges with an
exponent consistent with the Kardar-Parisi-Zhang universal-
ity class[5]. This scaling property is valid for the averages
over the ensemble of the surfaces, or for the ensemble of the
time horizons in the language of PDES. It is informative,
however, to analyze the dynamics of a single realization of
the time horizon as well. A single realization is strongly af-
fected by the surface fluctuations, and the evaluation of a
particular surface sometimes loses the full predictability. It is
not clear how these fluctuations are connected with the tur-
bulence of the Burgers solitons, although there are some
similarities between LST horizon evolution and the evolution
of the surface slope described by noisy Burgers equations
[10–12].

In the original paper[5] each PE simulates only one node
in a conservative manner. The efficiency of this algorithm is
about 1/4, on average, i.e., one PE out of four is working at
any given time. Each PE sends messages to its neighbors
about once in four time slices. One way to increase the uti-
lization is to have each node contain a large portion of the
lattice, then the utilization can be increased[4,6–9].

We analyze here a more efficient implementation of the
Kornisset al. idea. Namely, we realize each node as a thread.
Threads are distributed among processor elements so each
PE is responsible for some number of threads. The threads
within one PE communicate using the conservative PDES
manner. Communications among threads on the same PE do
not require the interprocessor communication latency time
(one needs only system calls within a PE), while interproces-
sor communication requires calls to the input-output parts
(I/O) routines. Processes communicate within a single PE
using system calls of the operating system. Interprocessor
communication requires some I/O operations involved in ad-
dition to system calls. Threads were invented just to acceler-
ate communications of the partially independent parts of the
program. Their communication is supported by the kernel of
modern operation systems[13].

We have two choices for the interprocessor communica-
tion: either conservative or optimistic[1]. With the conser-
vative interprocessor communications, the evolution of the
time horizon will be exactly the same as in[5], albeit the
utilization would be larger than 1/4 and close to unity for
large enough,. Here, is the number of nodes on a PE, so
the system size simulated isL=,NPE. We assume that the
check of the local minima condition(to avoid causality vio-
lations) between threads(nodes within a PE) is negligibly
small in comparison with the time needed to process the
event.

With optimistic interprocessor communications, the evo-
lution of the time horizon becomes more complex. The op-
timistic scenario[1] assumes that messages were not sent
during some given time window. Causality is then checked.
In the case where some node proceeds with broken causality,

antimessages have to be sent between processors, the corre-
sponding events are rejected. This leads to a rollback to an
earlier time and state.

The possible scenarios can be understood by taking into
account the mapping of our problem onto surface growth
dynamics. The messages sent by one PE to another are noth-
ing but the boundary conditions in our algorithm. In fact,
there are three(and not two) possible boundary conditions
for the most left and the most right nodes for the chain of
nodes within a PE: continuous, free, and fixed. Continuous
boundary conditions imply that the boundary nodes would
follow the causality, taking messages from the neighbor node
on the neighbor PE. So, this corresponds to the totally con-
servative case.

A more interesting solution is with fixed boundaries. In
this case, a slope develops at the boundaries of each PE. The
angle of the slope depends on the mean of the event time
intervals and a nearly flat top grows according to the conser-
vative rule. This solution can be interpreted as a fixed soliton
of the corresponding Burgers equation.

Free boundary conditions lead to an optimistic implemen-
tation of the algorithm. The evolution of the time horizon
with the free boundaries have mixed features compared with
the algorithms with continuous or fixed boundaries. This
boundary condition will be analyzed elsewhere.

The algorithm we discuss here is a new PDES implemen-
tation scheme. The main purpose of the paper is a detailed
analysis of this PDES algorithm scheme with fixed boundary
conditions. The paper is organized as follows. In Sec. II we
review briefly the main ideas of PDES and the approach of
Kornisset al. [5]. In Sec. III we introduce our algorithm and
discuss its behavior for simple realizations in one dimension,
two dimensions, and for the solution of partial differential
equations. We discuss the results in Sec. IV and provide a
more general overview.

II. CONSERVATIVE PDES

The PDES method is a tool capable of parallelizing any
discrete event dynamic algorithm, even those which appear
to be intrinsically sequential ones. One example is the devel-
opment of a kinetic Ising model algorithm by Lubachevsky
[14], and its successful implementation[4], which preserves
the original dynamics of the model.

A. PDES and Kardar-Parisi-Zhang equation

Kornisset al. [5] developed an approach for the analysis
of such algorithms. They mainly considered the case of one-
dimensional systems with only nearest-neighbor interactions
and periodic boundary conditions.(See Ref.[15] for two-
and three-dimensional cases.) Each site of the Ising model is
associated with one PE. Consequently the original model has
NPE=L PEs simulatingL nodes(or sites). The number of
nodes per PE are,=1. Update attempts at each node are
independent Poisson processes with the same rate.(In an
actual simulation, the rate for the kinetic Monte Carlo for the
Ising model depends only on the energy change for a single
spin flip.) At each PE, the random time intervalhi between
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two successive attempts is exponentially distributed.
Let us associate with PE numberi, the value of a local

simulated timetistd, where we denote byt the discrete time
of the parallel steps simultaneously performed by each PE.
We start with zero LST on all PEs, i.e.,tis0d=0, i
=1,2, . . . ,L. For tù1 the LST evolves iteratively as

tist + 1d = tistd + histd if tistd ø minhti−1std,ti+1stdj,

tist + 1d = tistd else, s1d

wherehi are random exponential variables. Each time, the
PE numberi advances in time and it sends messages to the
right si +1d and leftsi −1d PEs with the time stamp of its LST
tistd. This insures that the updating process(1) does not vio-
late causality. This category of PDES is called theconserva-
tive PDES scenario.

The Kornisset al. algorithm is free of deadlock, since at
least the PE with the absolute minimum LST can proceed.
The efficiency of the algorithm is the fraction of nonidling
PEs and exactly corresponds to the density of local minima
of the simulated time horizon.

The iterative process(1) can be rewritten as

tist + 1d = tistd + Q„ti−1std − tistd…Q„ti+1std − tistd…histd,

s2d

using the Heaviside step functionQ.
Introducing the local slopesfi =ti −ti−1, the density of

local minima can be written as

ustd =
1

L
o
i=1

L

Qf− fistdgQf− fi+1stdg s3d

and its average

kustdl = kQf− fistdgQffi+1stdgl s4d

is the mean velocity of the time horizon, equal to
0.246 410(7). Hence, the efficiency of the algorithm(in this
worst-case scenario) is about 25%.

It was argued by Kornisset al. [5] that the coarse-grained
slope of time horizonf̂sx, t̂d in the continuum limit evaluates
according to the Burgers equation[16]

]f̂

]t̂
=

]2f̂

]x2 − l
]f̂2

]x
s5d

and the coarse-grained time horizont̂, sf̂=]t̂ /]xd obeys the
Kardar-Parisi-Zhang(KPZ) equation

]t̂

]t̂
=

]2t̂

]x2 − lS ]t̂

]x
D2

, s6d

which should be extended with the noise to capture the fluc-
tuations.

B. Time horizon evaluation in conservative PDES

The Monte Carlo simulations of the process(1) showed
[5] that the average width of time horizon

kw2stdl =
1

LKo
i=1

L

ftistd − t̄stdg2L , s7d

where t̄std=s1/Ldotistd, grows for appropriately chosen
times(before the LST saturates) askw2stdl~ t2b with the ex-
ponent b close to the KPZ exponent,b=1/3. Running a
single PDES on a parallel computer, the LST horizon devel-
ops as a particular realization of the stochastic growth pro-
cess, not as the average process.

It is known that the dynamics of solitons in the noisy
Burgers equation develops so-called Burgers turbulence
[10–12]. Despite the similarity of the width evolution we
have been unsuccessful in finding evidence for Burgers tur-
bulence. The tail of the width distribution[Fig. 1(a) of Kor-
nisset al.] may be due to long-lived fluctuations, rather than
due to moving solitons. Figure 1 shows the evolution of the
time horizon width for some realizations of this conservative
PDES. A large fluctuation occurs in run number 4 at a time
t<68 000. The momentary picture of the time horizon pro-
file shown in Fig. 2 looks like a soliton. Nevertheless, a more
detailed analysis is needed to claim that it is indeed a soliton.
This evidence would be difficult to obtain, since the noise in
the PDES conservative iterative process(2) strongly masks
the expected solitonlike behavior.

The large fluctuation in the time horizon profile
s<1600d is comparable to the system size,NPE=L=104, for
the case shown in Fig. 2. In the next section, we will see that
the iterative process(2) has steady-state solutions under
some boundary conditions, and the time horizon profile
shown in Fig. 2 looks similar to it.

III. FREEZE-AND-SHIFT ALGORITHM

A. Realizations of PDES

The conservative PDES algorithm of Kornisset al. is an
idealized scheme, in which each PE manages only one pro-

FIG. 1. (Color online) Evolution of the width of the time hori-
zon for several single realizations of conservative PDES. Here there
is one site per PE, andNPE=L=104. A heavier line makes run num-
ber four stand out from the others. In the electronic version, differ-
ent colors allow other runs to be easily distinguished from each
other. Note thatw2 has units ofkhil, while the units of time are in
ticks of the central processing units of the PEs.
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cess and the LST is associated with the PE. We extend this to
a different, more general scheme than is present in other
publications[6–9,15].

Consider the nodes to be vertices of a random graph. The
links between the vertices are associated with the possible
communications, at least in one direction. Imagine that we
can group vertices in clusters, maximizing the connectivity
within the cluster and minimizing the number of links be-
tween clusters. Let us call those nodes without external links,
bulk nodes and the rest of the nodes surface nodes. Then, we
can map this random graph onto the parallel computer archi-
tecture associating one cluster of nodes with the one PE.

Practically, the nodes can be realized as threads[13].
Threads, sometimes called lightweight processes, share the
same local memory with the other threads associated with
the same PE. Hence, in a practical sense they do not require
any extra communication between PEs to communicate with
other threads on the same PE. Thus, the communication of
the bulk nodes can be organized in the most optimal way,
using the conservative PDES implementation.

We have to note that in our approach, it is natural to
associate the LST with nodes and not with the PEs, in con-
trast with previous work[5–9,15]. All nodes carry its own
LST, even those belonging to the same PE.

The communication of surface nodes can be realized in a
number of ways. First, surface nodes can communicate in a
conservative manner. The LST horizon will evolve as de-
scribed by the Kornisset al. scenario discussed in the previ-
ous section. Nevertheless, the difference is that the average
utilization is not given by expression(4). Let , be the num-
ber of nodes per PE, soL=NPE,. The probability of having a
chosen node not being at a local minimum of the LST is 1
−kul. Assuming complete randomness among the LST of the
nodes, i.e., using a mean-field type of argument[8] for non-
equilibrium properties of the time-evolving surface, gives the
probability, when choosing, nodes, that all of them are not

at a local minimum iss1−kuld,. Since a PE can perform an
update as long as any of its nodes are at a local minimum,
the mean-field argument gives the utilization to be equal to

1 − s1 − kuld,. s8d

Our preliminary simulations show that the average utilization
depends on the type of noise(all of which have mean noise
per step of unity). For uniformly distributed noise it iskulu

<0.267s4d. For Gaussian noise it iskulG<0.258s5d. These
are to be compared with Poisson noise withkul
=0.246 410s7d. Note that both Gaussian and uniformly dis-
tributed noise have an average utilization larger than 1/4.

In the second realization of PDES, the surface nodes post-
pone messages within a discrete time window intervaltw.
The system would evaluate in the conservative PDES man-
ner the bulk nodes that lie at a distance from the surface
larger thand<s,−Î,2−4td /2 as later given by expression
(11). After the timet1<,2/4 [see expression(9)] the freez-
ing will reach the inner bulk nodes and the evaluation will
stop. The system then could not propagate further without an
exchange of the messages between PEs to preserve causality.
The whole system will at that time be “frozen.” The second
idea to implement this algorithm is the fast exchange of the
messages. We propose to do that by redistributing nodes be-
tween PEs. A simple realization will be discussed below. We
call this algorithm the “freeze-and-shift” algorithm(FAS).
Note that theFAS algorithm effectively separates the inter-
processor communication from the computations progressing
on a PE. Thus, computer architectures that are capable of
simultaneously performing calculations and interprocessor
communication can be used effectively, even for problems
with fine-grained parallelism. Another potential application
of the FAS algorithm is that it should allow simulations with
fine-grained parallelism to be performed on calculations on
the grid.

The third possible realization is the optimistic scenario of
PDES, in which one assumes that all messages come in an
order in which causality is not violated. After a discrete time
tw, one has to check causality and send antimessages to kill
those which violate causality. The process of generating an-
timessages can lead to “avalanches” of the time horizon.
These seem to finish with a time horizon profile similar to
the one generated by theFAS algorithm introduced above.
Clearly, the optimistic scenario is more time consuming:
first, the antimessage generation is not a short process; and
second, some substantial amount of work on the nodes pro-
cessed will be rejected. As described on a PE with, nodes,
the optimistic scenario is some generalization of a combina-
tion of the first two scenarios. The understanding of the time
horizon avalanche process in the optimistic scenario can be
interesting by itself, but will not be explored in this paper.

B. Time horizon evolution for the FAS algorithm

In this subsection, for reasons of clarity, we discuss the
simplest case of theFAS algorithm, where the nodes effec-
tively form a one-dimensional graph. Despite this simplicity,
the one-dimensional case of theFAS algorithm can be applied
to the parallel simulation of one-dimensional partial differ-

FIG. 2. (Color online) Time horizon profiles at the fixed mo-
ments of time for the conservative PDES andNPE=L=104 for run
number four of Fig. 1. Note thatt has units ofkhl. The heavy line
makes the large fluctuation stand out from the other configurations.
Only in the electronic version can the other surfaces be easily dis-
tinguished from each other.
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ential equations(see Sec. IV). The one-dimensionalFAS al-
gorithm can also be used in simulations of systems that have
been organized into disjoint spatial subsystem slices, with
the slices forming a one-dimensional graph.

Let us assume there are, nodes(or threads) on each of
the NPE processor elements. For the case of Ising model
simulations, each node carries just one spin of the system of
L=,NPE spins. Nodes within a PE communicate in the con-
servative manner. The three possible ways of the inter-PE
communication correspond to different boundary conditions:
the conservative scenario is associated with continuous
boundary conditions; theFAS scenario corresponds to fixed
boundary conditions; and the optimistic scenario—to free
boundary conditions(and associated LST rollbacks).

As we mentioned already, our implementation of conser-
vative PDES is analogous to that of the Kornisset al. ,=1
implementation[5] and further extensions to larger, [6–9].
The only difference, and a major difference for algorithm
design, is that in our case, the LST is associated with the
nodes and not with the PEs.

In the case of theFAS algorithm, the evolution of the LST
horizon is quite different. In Fig. 3 the two first steps of the
possible evolution of the time horizon are sketched both for
the case of the conservative scenario with,=1 and for the
FAS scenario with,=4. Initially, at the timet=0 all ti =0. In
the first step of PDES, all the nodes proceed—the condition
(1) is fulfilled for all nodes. The difference between the two
scenarios starts just after the first event(time step). In the top
of Fig. 3, all the local minima will advance in the conserva-
tive scenario. For the frozen boundaries of theFAS algorithm,
the left and right boundaries on each PE are fixed, so these
minima cannot proceed. As theFAS algorithm progresses, the
LST starts to develop a slope with an average anglec. The
average value of this angle depends only on the mean of the
noise for a single time slice, with its tangent being equal to
that mean. This is because proceeding from a frozen node,
the question is: given that the next node can exceed the value
of t on the frozen node in the next time step, what is the
average distance at which its value oft freezes ahead of the
frozen node’st? Since we are using a mean noise of unity,
the average angle will bec=p /4 for all types of noise. This

is seen in Fig. 4. Note that this profile would also develop if
the algorithm always added unity to each updated node, as
would be done in simulations of partial differential equations
(see later on).

The process of growth will stop at the moment the time
horizon reaches the hill knap. This average time can be cal-
culated by assuming that it is given by the same time as the
case where each node update advancest by one unit. This
gives that

t1 = 2o
i=1

,/2

i <
,2

4
. s9d

At that time, the LST of each individual PE will look like a
sawtooth(Fig. 4). At time t1 the entire time horizon will look
like a saw withNPE teeth. It is very important to realize that
up to that time, all PEs were, with high probability, busy with
an efficiency of one[18].

After a timet1 the profile of the time horizon stops devel-
oping. Thus, the PE can on average performt1 node updates
before the LST profile freezes. Figure 4 shows a realization
of this frozen steady-state profile. The derivative of the pro-
file fi =ti+1−ti will represent a kink, the soliton-antisoliton
pair. Contrary to the Burgers equation[12], these kinks are
not moving but are in the steady state. We have an interesting
result: by fixing the boundaries, we select the soliton-
antisoliton solution of Eq.(2).

The mean value of the LST horizon fortø t1 can also be
calculated. Consider the non-random case, starting with a flat
distribution fort=0. The time for the LST horizon to reach a
plateau with all middle nodes at the same value oft is

t = o
i=1

t

s, − td < t, − t2. s10d

This equation can be solved fort using the quadratic equa-
tion and choosing the physical root sincetø, /2, giving

t = s, − Î,2 − 4td/2. s11d

For this configuration, the average value of the LST is

FIG. 3. Possible realizations of the first two steps of the time
horizon evaluation: A conservative algorithm withNPE=L=12 and
,=1 (top) and theFAS algorithm withNPE=3 with ,=4 nodes each
sL=NPE,=12d. FIG. 4. Profile of the LST of,=1000 nodes with fixed bound-

aries at the leftmost and rightmost positions.
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ktl =
ts, − td

,
. s12d

Then, substituting fort from Eq.(11) gives an expression for
the time dependence forktl for times 0ø tø t1. In a similar
fashion an expression for the time evolution ofkw2l can be
derived.

At time t1 the LST horizon is frozen, and the question is
how to proceed further with the simulation. The solution we
propose is to redistribute the nodes between the PEs. For
example, let us shift them by, /2 to the right(or left), so the
tops of the hills(sawteeth) will be at the boundaries of the
processors and fixed for the next time window processing.

Further evolution of the time horizon is illustrated in Fig.
5. The lowest curve is the LST horizon depicted on Fig. 4
and cyclically shifted by, /2. The LST horizon will grow, on
average, until the timet2<3t1=3,2/4, at which time the
next steady-state frozen solution will be reached(the highest
curve in Fig. 5).

The process can be repeated by alternating the freezing of
the boundaries for a time window interval not longer than 2t1
and shifting nodes between PEs by, /2 for each time win-
dow. Figure 6 illustrates this process for,=1000 nodes and
NPE=5 for ten shift cycles with the time window of 2t1.
Consequently, there are about 20t1 time steps (discrete
events).

The square widthw2std of the time horizon(LST) seems
to evolve periodically with time between a minimum and a
maximum value. The evidence for this is seen in Fig. 7 in
which the LST evolution ofkw2l for ,=103 and NPE=5 is
shown. For the time betweent=23104 and up to thet=2
3105, the LST horizon width grows with the effective expo-
nent z=3/2, it then stops at the shift moment, and oscilla-
tions start. This exponent is not associated with any stochas-
tic process, but reflects the deterministic process of the
sawtooth’s formation, in accordance with expressions
(9)–(12). Probably, the maximum values of the LST width as
a function ofNPE would follow the KPZ exponent, and this is

a fruitful subject for future research. Figure 7 seems to show
that in theFAS algorithm one can limit(effectively “satu-
rate”) the size of the surface width. Proven ways of saturat-
ing the surface width in conservative PDES simulations in-
clude imposing a fixed constraint on the width[6] and
imposing small-world connections between PEs[17]. Al-
though the freeze-and-shift method damps out the surface
width, much larger studies would be required to see whether
or not the governing universality class of the interface is still
the KPZ universality class and theFAS algorithm just leads to
a coarse-grained length in the KPZ equation.

The time windowtw for the freeze-and-shift algorithm can
be chosen as any value in the interval 1, twø t1. We can
choose them shorter thant1, for example, equal tot1/2 as
shown in Figs. 8 and 9 for the even and odd shifts, respec-
tively. The difference between the maximum and minimum
possible values of the LST will be smaller than in the case of
larger tw.

C. FAS on a two-dimensional lattice

The next interesting realization of the freeze-and-shift al-
gorithm is the application to a two-dimensional model. Sup-

FIG. 5. Profile of the LST of,=1000 nodes at the timet1 after
shifting by half(bottom line) and at the time values<1.4t1, <1.8t1,
<2.5t1, and 3t1 from the second bottom to the top.

FIG. 6. Profile of a LST with,=1000 nodes in each of the
NPE=5 PEs.

FIG. 7. The square of the LST width of the process depicted in
Fig. 6.
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pose we haveNPE, each of which will simulate a,3, block
of nodes(spins in kinetic Monte Carlo for the Ising model).
The total system size isL2=NPE,

2, whereNPE should be a
perfect square. We associate,2 sites(spins) with ,2 threads
running on each of theNPE PEs. The evolution of the LST
horizon is described by the two-dimensional iterative process
[compare with expression(2)]

ti,jst + 1d = ti,jstd + Qfti−1,jstd − ti,jstdgQfti+1,jstd − ti,jstdg

3 Qfti,j−1std − ti,jstdgQfti,j+1std − ti,jstdghistd,

s13d

with the product of fourQ functions at the right-hand side
and si , jd are coordinates of the lattice edges. For,=1 one
expects that the average speed of time horizon for the con-
servative PDES scenario will be approximatelyku2l<1/8,
two times slower than in the one-dimensional case. Our com-
puter simulation givesku2l=0.1205s2d for a Poisson distri-
bution of PDES arrival times with unit mean value. This
value again depends on the distribution law of the random
numbers used.

Figure 10 shows the steady-state solution of process(13)
which looks like a pyramid with the slope 1/2. This solution

is achieved at a time given by the volume of the pyramid,
t2−sst<,3/12.

We have to note that up to the timet2−sst, the efficiency of
the FAS algorithm is practically unity. Shifting the nodes be-
tween the PEs can now be accomplished in many different
ways. Shifting the nodes by, /2 in both directions of the
lattice is equivalent to the sending of postponed messages in
the language of PDES. Then, the LST frozen profile will take
a time of doublet2−sst before reaching the second frozen
steady-state position. Repeating this process of freezing and
shifting, we can evolve our nodes in parallel as far as we
wish. As in the one-dimensionalFAS algorithm, the time be-
tween shifting can be any value given by 0, twø t2−sst. Note
that this shifting can usually be implemented very effectively
on modern computers that have fast methods of copying
whole blocks of memory between processors, and may have
the ability to simultaneously perform calculations and mes-
sage passing.

D. FAS, partial differential equations, grid computing

The discussed algorithms can also be effectively applied
to numerical solutions for solving partial differential equa-
tions. In this case, one has to solve iteratively finite-

FIG. 9. Profile of the LST of,=1000 nodes in each of the
NPE=5 PEs. Curves from bottom to top are the profiles fortw=,
discrete events at the timestk=2k,, 2k=2,4,6,8,10.

FIG. 8. Profile of the LST for,=1000 nodes on each ofNPE

=5 PEs. Curves from bottom to top are the profiles fortw=, dis-
crete events at the time momentstk=s2k−1d,, 2k−1=1,3,5,7,9.

FIG. 10. Steady-state profile of the LST on a
two-dimensional square lattice with linear num-
ber of nodes,=200.
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difference equations defined on the lattice. For simplicity we
will discuss partial differential equations of second order in
the one-dimensional case. The common form can be written
as

cismd = F„cismd,ci−1smd,ci+1smd,cism− 1d,

ci−1sm− 1d,ci+1sm− 1d;D,d…, s14d

where the indexi is associated with the space variable, the
space increment isd, andm is associated with the time vari-
able for which the increment isD.

We have to divide the entire one-dimensional lattice into
NPE pieces, each with, lattice nodes, and then associate each
piece with a single PE. The LST time increment is equal to
D, and is not random in this case. We freeze the nodes at the
boundaries for each PE. The propagation of the algorithm on
each PE will be the normal one, except the nodes that do not
know the values of their own or neighboring nodes at both
timesm andm+D will be frozen. This condition of the fro-
zen boundaries between neighboring PEs will form a LST
horizon on each PE. For each time stepD, the space coordi-
nates of the LST will bed. If the calculation of the right-
hand side of Eq.(14) needs a large time compared with
memory shifting between PEs, this algorithm could be very
effectively implemented on a parallel computer architecture.

The scheme can be generalized to large dimensions of the
lattice, i.e., to many-dimensional partial differential equa-
tions, in the manner demonstrated in the previous subsection
for FAS PDES.

Grid computing should enable geographically distributed
heterogeneous computations to be performed if appropriate
algorithms are available. For previous implementations with
fine-grained parallelism, such algorithms are not available.
For example, for conservative PDES simulations imple-
mented with one virtual time per PE, the calculation on a
particular PE halts at irregular times(whenever the algorithm
hits the surface node of the PE). However, conservative
PDES implemented with one virtual time per PE allows for
an approximately regular and calculable number of time
stepst that a PE can perform before it needs to halt to pre-
serve causality. Furthermore, theFAS algorithm allows a de-
coupling of calculation and the communication. Both of
these facts can be important for grid computing. One ex-
ample is since grid communication paths are used by many
people, the time for communication between grid computers
is not constant, and the communication between grid com-
puters can take place without the calculations on a computer
having to wait for another computer. Furthermore, the com-
munication may be timed so it is performed when others are
historically utilizing the communications network the least
(say during nights or weekends). Thus theFAS algorithm
should allow grid computations to be performed for PDES
simulations and for numerical solutions of partial differential
equations.

IV. DISCUSSION

We have proposed an alternative algorithm for parallel
discrete event simulations(PDES) which allows for an effec-
tive realization on the parallel computers, clusters of com-
puters, and in grid computing. We call this algorithm theFAS

(freeze-and-shift) algorithm. It effectively decouples the
computation phase and communication phase for these par-
allel computations. This allows, for example, the program-
mer to utilize fast block-memory-transfer commands. Fur-
thermore, it should allow the efficient simultaneous
execution of both computation and communication hardware
when they are performed by separate hardware.

There are several essential points of ourFAS algorithm.
First, we associate a LST with the nodes rather than indi-
vidual PEs. Second, we group the nodes using some rule(see
later) and associate each group with a PE(usually the pro-
cessor running the one process). The nodes are realized as
threads, which share the same memory within one process.
This allows for a fast realization of the conservative PDES
rules within a PE. PEs do not communicate with other PEs
for some time interval windowtw (the frozen part of the
algorithm), and after that time, the message exchange is re-
alized as part of the memory shifting between PEs(the shift
part of the algorithm). The last part can be very efficiently
realized on some parallel architectures. The width of the LST
horizon, which characterizes the difference in the LST be-
tween different shifts is under control and depends on the
number of nodes, per PE. TheFAS algorithm guarantees the
efficiency of the simulations and idleness of PEs should be
nearly equal to zero for balanced simulations.

The general scheme can be sketched as in Fig. 11, where
we have partitioned the nodes into groups(associated with
PEs during the freeze part of theFAS algorithm) and we
freeze development of those nodes within the interfaces. The
efficiency of the algorithm depends on the smallness of the
ratio of the interface area to the bulk area, and on the alter-
nating interface area we have to create by the shifting of

FIG. 11. Nodes manifold partitioning into eight groups of bulk
nodes, each associated with a single PE during the frozen phase of
the FAS algorithm.
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nodes between PEs(the alternating partitioning of the node
manifold).

Analyses of several realizations demonstrate the effi-
ciency of the general idea of theFAS algorithm. Actual imple-
mentations on parallel computers, heterogeneous compute
clusters, and computer grids for problems of interest will
determine the ultimate usefulness of theFAS algorithm.

ACKNOWLEDGMENTS

Supported in part by National Science Foundation Grants
Nos. DMR-0113049 and DMR-01200310, and by the Rus-
sian Foundation for Basic Research. L.N.S. thanks the De-
partment of Physics and Astronomy and the ERC Center for
Computational Sciences at Mississippi State University for
their hospitality.

[1] R.M. Fujimoto, Commun. ACM33, 31 (1990).
[2] D.R. Jefferson, Assoc. Comput. Mach. Trans. Programming

Languages and Systems7, 404 (1985).
[3] P.M.A. Sloot, B.J. Overeinder, and A. Schoneveld, Comput.

Phys. Commun.142, 76 (2001); B.J. Overeinder, Ph.D. thesis,
University of Amsterdam, 2000.

[4] G. Korniss, M.A. Novotny, and P.A. Rikvold, J. Comput. Phys.
153, 488 (1999).

[5] G. Korniss, Z. Toroczkai, M.A. Novotny, and P.A. Rikvold,
Phys. Rev. Lett.84, 1351(2000).

[6] A. Kolakowska, M.A. Novotny, and G. Korniss, Phys. Rev. E
67, 046703(2002).

[7] A. Kolakowska, M.A. Novotny, and P.A. Rikvold, Phys. Rev.
E 68, 046705(2003).

[8] A. Kolakowska and M.A. Novotny, Phys. Rev. B69, 075407
(2004).

[9] A. Kolakowska, M.A. Novotny, and P.S. Verma(unpublished),
e-print cond-mat/0403341.

[10] S.N. Gurbatov, A.N. Malakhov, and A.I. Saichev,Nonlinear
Random Waves and Turbulence in Nondispersive Media:
Waves, Rays, Particles(Manchester University Press,

Manchester, 1991).
[11] A. Chekhlov and V. Yakhot, Phys. Rev. E51, R2739(1995).
[12] H.C. Fogedby, Phys. Rev. E57, 4943(1998).
[13] A.S. Tanenbaum,Modern Operation Systems(Prentice Hall,

Upper Saddle River, NJ, 2001).
[14] B.D. Lubachevsky, Complex Syst.1, 1099(1987); J. Comput.

Phys. 75, 103 (1988).
[15] G. Korniss, M.A. Novotny, Z. Toroczkai, and P.A. Rikvold, in

Computer Simulation Studies in Condensed Matter Physics
XIII , edited by D.P. Landau, S.P. Lewis, and H.-B. Schüttler
(Springer, Heidelberg, 2001), p. 183.

[16] M. Kardar, G. Parisi, and Y.-C. Zhang, Phys. Rev. Lett.56,
889 (1986).

[17] G. Korniss, M.A. Novotny, H. Guclu, Z. Toroczkai, and P.A.
Rikvold, Science299, 677 (2003).

[18] We have ignored the extra bookkeeping required for a single
PE to decide which of its, nodes can still be updated. This
will often be the case in actual implementations. However, if
this is not the case, one expects only a constant difference
between serial execution and parallel simulations, with the
constant independent ofNPE.

EVOLUTION OF TIME HORIZONS IN PARALLEL AND… PHYSICAL REVIEW E 70, 026703(2004)

026703-9


